We report experimental as well as theoretical investigation of the key factors that influence the relative timing jitter between hybrid synchronized ultrafast Yb and Er fiber laser systems. Experimental results show that, within the achievable synchronization range, the synchronization performance varies significantly with the relative injection timing between the 1 μm master and 1.5 μm slave pulses. This observation is in agreement with the insights obtained from the theoretical analysis, which identifies the retiming effect as a function of the initial condition of the masterslave pulse collision. By controlling the relative injection timing with a low-bandwidth intracavity feedback, relative timing jitter as low as 0.87 fs (within 1.9 MHz bandwidth) is successfully obtained.
Optical pulse timing synchronization is a crucial step for developing new techniques in ultrafast science and technology. Some important examples include time-resolved imaging and spectroscopy, fs optical parametric amplifiers (OPA), and coherent pulse synthesis, as well as precise timing distribution [1] [2] [3] . Both the passive and active synchronization techniques have been actively explored to lock the repetition rates of two ultrashort pulse lasers. In active synchronization schemes, complicated setups of precise pulse timing detection and high-speed intracavity feedback are typically required for achieving low timing jitters [4, 5] . In contrast, the passive synchronization schemes based on the shared cavity or pulse injection configuration can take advantage of the instantaneity of the nonlinear optical cross-phase modulation (XPM) to implement a high-speed synchronization feedback [6] [7] [8] . As a further extension, it is expected that passive synchronization assisted by a low-bandwidth intracavity feedback should be able to suppress the fast timing fluctuations as well as remove the slow timing drifts. The scheme should be capable of achieving long-term sub-fs synchronization with low-cost feedback devices. However, such a hybrid synchronization approach with sub-fs precision was only demonstrated on the solid-state lasers [7] . For ultrafast fiber laser systems, it is still a challenge to obtain sub-fs synchronization by the hybrid synchronization technique [6, 8] .
In this Letter, we report experimental as well as theoretical investigation of the key factors that influence the relative timing jitter between the 1 μm Yb and 1.5 μm Er fiber laser systems synchronized by the pulse injection technique and with a low-bandwidth intracavity feedback. It is found experimentally that the synchronization performance can vary significantly with respect to the relative injection timing between the 1 μm master and 1.5 μm slave pulses. A simple theoretical analysis based on the linearized evolution equations of the laser pulse parameters has also been derived to examine the effects of the two-color pulse collision on the retiming force for achieving synchronization. By controlling the relative injection timing with a low-bandwidth intracavity feedback, such that the slave pulse experiences the maximum retiming force, a relative timing jitter as low as 0.87 fs (1.9 MHz bandwidth) between the two-color ultrafast fiber laser systems can be obtained. Figure 1 shows the experimental setup of the hybrid synchronization between the fs Yb and Er fiber laser amplifier systems with the pulse repetition rates of ∼43.28 MHz. The homebuilt mode-locked Er fiber and Yb fiber lasers are both based on the nonlinear polarization rotation technique, and their output pulses are amplified by the single-cladding Er-doped (OFS EDF 80) and double-cladding Yb-doped (LIEKKI, Yb1200-10/ 125DC) fiber amplifiers, respectively. The net intracavity dispersions of the stretched pulse Er fiber and selfsimilar Yb fiber lasers are ∼ − 0.023 ps 2 and ∼0.011 ps 2 , respectively. The anomalous intracavity dispersion of the Er fiber laser is required for being a slave laser in the passive synchronization scheme. After amplification the 1.5 μm pulses are compressed by the single-mode fiber (SMF 28) to ∼70 fs with the pulse energy of 1.5 nJ. For the 1 μm amplified pulses, dechirp is achieved by the transmission grating pair (1000 lines∕mm) and, after compression, the pulse energy of 9 nJ and pulse duration of ∼110 fs can be obtained. The hybrid synchronization procedures begin with the injection of a small part of the output power of the Yb laser amplifier system into the slave Er fiber laser via the two wavelength division multiplexers (WDM1). The remaining of the 1 μm output is combined with the 1.5 μm pulses from the Er fiber laser amplifier system to be incident on a nonlinear BBO crystal. Within a suitable range of the extracavity delay between the 1 μm master and 1.5 μm slave pulses, the sum-frequency generation (SFG) signals can be generated and used for the measurement of the timing jitter as well as for the intracavity feedback control. The feedback loop consists of a proportional-integral controller and a piezoelectric transducer (PZT) driver, and the cavity length of the Er fiber laser is adjusted by the PZT wound with SMF 28. By locking the SFG signals at the middle height of the cross correlation trace, the slow timing drift, which is the main characteristic of the passive synchronization under the environmental perturbations, can be effectively removed. The bandwidth of the intracavity feedback of the PZT servo is less than 3 kHz, and the measurement bandwidth of the relative timing jitter is determined by the low-pass filter of 1.9 MHz. It should be noted that, because the extracavity time separation between the 1 and 1.5 μm pulses is fixed by the feedback loop, the detuning of the extracavity delay via the retroreflector (see Fig. 1 ) will, accordingly, change the relative injection timing between the two color pulses inside the Er fiber laser [9] .
Although the hybrid synchronization can be achieved over a wide range of the extracavity delay, we find that the corresponding relative timing jitter may vary significantly. This reveals that the relative injection timing between the master and slave pulses inside the Er fiber laser can affect the synchronization performance. Fig. 2(c) . Besides the effects from the extracavity delay, it can be seen that the relative timing jitter measured from the 30 mW injection power is smaller than those obtained from the 15 mW injection power. An injection power higher than 30 mW has been tried to get an even smaller relative timing jitter. However, the instability of the mode-locking of the Er fiber laser prevents the better synchronization performance from being obtained, possibly due to the excess nonlinear polarization rotation introduced by the 1 μm injection pulse. In addition to the relative timing jitter, the optical spectra of the slave Er fiber laser are also measured concurrently with the different delays for the case of the 30 mW injection power, as shown in Fig. 2(d) . Compared to the free-running spectrum of the mode-locked Er fiber laser, only redshift of the center wavelength can be observed in our hybrid synchronization experiment, as also shown in Fig. 2(e) .
Besides the time domain measurement of the relative timing jitter, the frequency domain analysis has been performed as well to identify the timing jitter suppression originating from the active or passive synchronization mechanisms. To achieve this, the cross correlation signal under the hybrid synchronization is connected to an rf spectrum analyzer (Agilent E4402B with UKB), and Fig. 3 shows the power spectrum density (PSD) of the cross correlation output with respect to different frequency ranges. The blue (bottom) curve of Fig. 3(a) is the measurement result under the stable hybrid synchronization. When the gain of the PI servo exceeds the stable value, obvious oscillations appearing around 3 kHz can be seen from the green (middle with three large peaks) curve in Fig. 3(a) . Therefore the bandwidth of the active synchronization is less than 3 kHz. The gray (top) curve in Fig. 3(a) shows the case with a relative timing jitter of ∼10 fs when the 1 μm injection power (∼2.5 mW) is almost completely blocked. It indicates that, for frequencies above 1 kHz, passive synchronization plays the dominant role to suppress the relative timing jitter. The PSD of the cross correlation output from 10 kHz to the Nyquist frequency (21.6 MHz) is measured by using another detector with a broader bandwidth, as shown in Fig. 3(b) . Above 100 kHz, the slope of the PSD, i.e., the blue (top) curve in Fig. 3(b) , begins to decay with a slope close to 1∕f 2 , which exhibits the typical timing jitter characteristics of mode-locked fiber lasers [10, 11] . This means that the locking bandwidth of the passive synchronization should be at least 100 kHz in our experiment. Moreover, like other mode-locked fiber lasers, the part of the PSD with a frequency higher than a few MHz will not contribute significantly to the overall integrated relative timing jitter. Although the detection floor, the black (bottom) curve in Fig. 3(b) , is much lower than the PSD of the cross correlation output, the measurement resolution of the relative timing jitter is mainly limited by the amplitude noise of the SFG signal itself, which corresponds to ∼0.35 fs in our experiment. The theoretical analysis aimed to clarify the above experimental observations has also been carried out. First of all, the net XPM-induced frequency shift from the master-slave pulse collision in the common fiber section is numerically calculated with respect to the different injection timing. The effect serves as a retiming force on the slave Er fiber laser for achieving synchronization. The theoretical model is based on the coupled nonlinear Schrödinger equation, and the numerical method of fourth-order Runge-Kutta in the interaction picture (RK4IP [12] ) are utilized to obtain the net single-pass XPM-induced frequency shift as well as its first-order derivative with respect to the timing separation between the slave and master pulses when they enter the copropagation fiber section, as illustrated in Fig. 4(a) . The obtained results are shown in Fig. 4(b) . The parameters used in the simulation are estimated to be close to the actual experimental condition (fiber length: 0.9 m, 1.5 μm; pulse: 300 fs, 0.2 nJ; 1 μm pulse: 200 fs, 0.74 nJ; GVD: 23 ps 2 ∕km at 1 μm and −11 ps 2 ∕km at 1.5 μm, respectively; nonlinear coefficient: 1.5 W −1 km −1 ; pulse walk-off: −1.7 ps∕m [9] ). It can be clearly seen in Fig. 4(b) that, due to the GVD and pulse walk-off effects, the net single-pass XPM-induced frequency shift is not exactly antisymmetric and may lead to the experimental results in Fig. 2 when one examines the pulse dynamics of the slave Er fiber laser that acquires the retiming force from the successive collisions with the injection pulses.
The fluctuations of the timing position Δt 0;Er and center wavelength Δω Er of the slave pulse can be described by the linearized evolution equations, similar to those of a typical active frequency-modulation mode-locked laser [13] :
Δω Er f 0 δtΔt 0;Er − Δt 0;Yb ; (1)
where d r represents the gain bandwidth filtering effect, f 0 δt denotes the first-order derivative of the net XPMinduced frequency shift at the equilibrium separation (δt t 0;Er −t 0;Yb ) between the master and slave pulse, τ is the pulse width, d i is the GVD, Δt 0;Yb is the timing fluctuations of the injection pulse, T R is the cavity round trip time, and T is on a time scale of the cavity round trip time. Here, for simplicity, we have ignored the noise sources of the Er fiber laser itself. The frequency response of the slave pulse's timing fluctuation Δt 0;Er to the injection pulse's timing fluctuation Δt 0;Yb can be easily obtained from solving Eqs. (1) and (2) in the frequency domain such that the power spectral density of the relative timing jitter can be expressed as [14] hjΔt 0;Er Ω − Δt 0;Yb Ωj 2 i
Equation (3) clearly indicates that the relative timing jitter can be reduced by increasing the value of f 0 δt, the first-order derivative of the net XPM-induced shift. Because the derivative value varies significantly with the relative injection timing δt, this explains why the relative timing jitter depends on the extracavity delay in our hybrid synchronization experiment. It is also in agreement with the observation that the minimum relative timing jitter and stable hybrid synchronization are only accompanied by the redshift in the slave pulse's center wavelength. As shown in Fig. 4(b) , the more stable synchronization range is the region with the larger positive first-order derivative f 0 δt, which corresponds to the region with the red (or negative) frequency shift f δt. The value of f 0 δt, as well as the current locking bandwidth of the passive synchronization in our experiment, is still lower than the fast PZT servo (∼180 kHz) or an electrooptic modulator (> the Nyquist frequency) [2, 15] . However, from the theoretical analysis presented above, the passive synchronization locking bandwidth can be increased without affecting the stable mode-locking by simultaneously shortening the copropagation fiber length and increasing the injection pulse energy. The individual timing jitters of the mode-locked Er fiber and Yb fiber lasers in our experiment have not been characterized experimentally. According to their values of the intracavity dispersion, it is reasonable to estimate that individual timing jitters of the two fiber laser systems are within the fs range [10] [11] . Nevertheless, due to the passive synchronization effect, i.e., the first term on the right hand side of Eq. (3), the sub-fs relative timing jitter can be obtained in our experiment. In [11] it was shown that the mode-locked fiber lasers with the close-to-zero intracavity dispersion are able to have the attosecond timing jitters. From Eq. (3), it is expected to obtain a lower relative timing jitter than our current results if the individual timing jitters of the master and slave fiber lasers can be further minimized by optimizing the intracavity dispersion. Recently, an alternative approach based on a single Er fiber laser with the two-branch amplifiers and highly nonlinear fibers has achieved an unprecedented synchronization accuracy with a 43-as relative timing jitter between the two-color pulses and demonstrated the successful synthesis of a single-cycle pulse [16, 17] . Nevertheless, the synchronization techniques that directly lock the two ultrafast laser systems with different wavelengths are still needed, especially for the cases in which the wavelengths of the two-color pulses cannot be obtained simultaneously from supercontinuum generation in highly nonlinear fibers.
To conclude, we have experimentally and theoretically investigated the key factors that influence the timing jitter between two ultrafast fiber lasers synchronized by the pulse injection technique. By controlling the relative timing position between the injection and the slave pulses, an ultrasmall relative timing jitter of 0.87 fs (1.9 MHz bandwidth) between the Yb fiber and Er fiber fs lasers has been achieved. This hybrid synchronization scheme provides a very flexible configuration for the synchronization between two fiber laser systems as well as for the remote optical-to-optical timing distribution.
